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ABSTRACT

Port-Hamiltonian (PH) systems provide a framework for modeling, analysis and con-
trol of complex dynamical systems, where the complexity might result from multi-
physical couplings, non-trivial domains and diverse nonlinearities. A major benefit of
the PH representation is the explicit formulation of power interfaces, so-called ports,
which allow for a power-preserving interconnection of subsystems to compose flexi-
ble multibody systems in a modular way. In this work, we present a PH representation
of geometrically exact strings with nonlinear material behaviour. Furthermore, using
structure-preserving discretization techniques a corresponding finite-dimensional PH
state space model is developed. Applying mixed finite elements, the semi-discrete
model retains the PH structure and the ports (pairs of velocities and forces) on the
discrete level. Moreover, discrete derivatives are used in order to obtain an energy-
consistent time-stepping method. The numerical properties of the newly devised
model are investigated in a representative example. The developed PH state space
model can be used for structure-preserving simulation and model order reduction as
well as feedforward and feedback control design.

Keywords: Port-Hamiltonian systems, Structure-preserving discretization, Strings,
Flexible multibody systems, Mixed finite elements, Discrete gradients.

1 INTRODUCTION
The class of port-Hamiltonian (PH) systems has become increasingly important across multiple
research fields dealing with modeling and control of dynamical systems. PH systems provide a
framework for the analysis of complex dynamical systems [1, 2], where the complexity might
result from multi-physical couplings, non-trivial domains and diverse nonlinearities. A major
benefit of the PH representation is the explicit formulation of power interfaces, so-called ports,
which allow for an intrinsically power-preserving interconnection of subsystems. In this way, the
modular composition of a model can be facilitated.

Since many technical (sub-)systems are modeled by partial differential equations (PDE), the the-
ory of infinite-dimensional PH systems has been extended in recent years [3, 4]. Among examples
from various physical disciplines, PH formulations have also been proposed in structural mechan-
ics, e.g. for flexible multibody dynamics [5]. However, many contributions focus on linear theories
and linear material behaviour, e.g. [6].

The structural elements of strings (see, e.g., [7]) are particularly interesting and are widely used
in control and modeling of multibody systems (see, e.g., [8]). Strings can be found as a sub-
module in a large variety of systems such as cranes, cable robots or satellite systems. Accordingly,



they are interconnected with their environment, which can be described beneficially within the
PH framework. To the best of our knowledge, the PH representations of strings have yet been
restricted to linear stress-strain relations [9]. We try to fill this gap with the present contribution.

We propose a nonlinear port-Hamiltonian model for geometrically exact strings with hyperelastic
constitutive relations. We thus enhance the previous work [9] with respect to material nonlin-
earities and use strain and stress measures inspired from nonlinear continuum mechanics. The
formulation reveals power-conjugated interfaces, so-called ports, on the boundary of the strings
and facilitates the energy-consistent coupling in multibody systems. The resulting formulation
can be linked to the Hu-Washizu principle from the theory of elasticity (see, e.g., [10]).

With respect to the numerical discretization, the mixed finite element method has been employed
to establish an approximate model under preservation of the PH structure (as, e.g., in [11]). A
core characteristic of structure-preserving discretization of PH systems is retaining the ports (e.g.
pairs of velocities and forces) with their causality (which refers to the definition of boundary
input variables in the system theoretic sense) on the discrete level. We moreover apply the discrete
gradient in the sense of Gonzalez [12] to achieve an energy-consistent discretization in time, which
inherits the passivity property of the underlying continuous model.

The work is structured as follows. In Sec. 2 the governing equations of nonlinear stringsare re-
capitulated. We propose a mixed formulation in the port-Hamiltonian framework and analyse the
continuous power balance. Sec. 3 shows our chosen discretization methods, both in space (mixed
finite elements) and time (discrete gradients) in order to obtain a discrete PH model for nonlinear
strings. The resulting numerical properties are studied in a representative example in Sec. 4 before
concluding our work in Sec. 5 along with some outlook for future research directions.

2 PORT-HAMILTONIAN STRING REPRESENTATION
In this section, the fundamental governing equations for geometrically exact strings are refreshed.
Furthermore, a new port-Hamiltonian formulation for these equations is introduced.

2.1 Governing equations
We consider a one-dimensional undeformed (material) string configuration Ω = [0,L] ⊂ Rd with
length L ∈ R+

0 and its current (spatial) configuration Ωt ⊂ Rd , where d ∈ {1,2,3} is the spatial
dimension. Correspondingly, the position vector r : S×T → Ωt is introduced, depending on the
material arc-length coordinate s ∈ S = [0,L]⊂R+

0 and on time t ∈ T ⊂R+
0 , see Fig. 1 for an illus-

tration on R2. The balance of linear momentum of the string (see, e.g., [8]) in material coordinates
is given by

ρAr̈(s, t) = ∂sn(s, t)+b (1)

and includes the constant density per unit length ρA ∈ R+
0 , the constant forces per unit length

b ∈ Rd . Moreover, ∂s(�) represents the partial derivative with respect to the material coordinate
and the contact force per unit length n(s, t) : S× T → Rd is introduced. Due to the kinematic
assumption (i.e., neglect bending stiffness), the contact force n is oriented tangentially such that

n(s, t) = N(s, t)
∂sr(s, t)
||∂sr(s, t||

, (2)

where the tension N : S×T → R follows from a constitutive relation in Sec. 2.2. We consider hy-
perelastic materials with a stored energy density W : R→ R depending on the strain type quantity

C = ∂sr ·∂sr, (3)

which can be interpreted in analogy to the right Cauchy-Green strain tensor from elasticity. Ac-
cordingly, the conjugated stress quantity (in analogy to the second Piola-Kirchhoff stress tensor)
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Figure 1. Material and spatial string configurations.

can be obtained via

S := 2DW (C), (4)

where D(�) denotes the gradient operator. We refer to the textbook by Antman [7] for detailed
analyses of strings. Further kinematic assumptions for arriving at the balance of linear momentum
(1) are well summarized in [9]. From now on, we drop both spatial and temporal arguments for
the sake of brevity and only use them where the explicit mention is helpful.

2.2 Constitutive modeling
As shown in [8] a stored energy density function for strings with hyperelastic material is given by

U(ν) =
EA
4

(ν2−2ln(ν)−1), (5)

where the stretch ν = ||∂sr||=
√

C is used and EA denotes the constant axial stiffness. The energy
density describes the stored energy per unit length due to elastic deformation. Consequently, the
tension follows directly by differentiation, i.e.,

N(ν) = DU(ν). (6)

In the present work, however, the strain quantity (3) shall be used. Stating W (C) =U(ν(C)), we
obtain

W (C) =
EA
4

(C−2ln(
√

C)−1) =
EA
4

(C− ln(C)−1). (7)

This yields the stress

S = 2DW (C) =
EA
2

(1−C−1) =
EA
2C

(C−1). (8)

It is moreover crucial, to find a relation between the tension N introduced in (2) and the corre-
sponding stress S. To this end, relation (2) can be rewritten such that

n = N(ν)
∂sr
||∂sr||

= DU(ν)
∂sr√

C
= DW (C)DC(ν)

1√
C

∂sr (9)

and eventually

n(s, t) = S∂sr. (10)



Remark 1 (Linear elasticity): The choice of a strain energy density function

W = W̆ (C) =
1
2

EA(
√

C−1)2 =
1
2

EAε
2, (11)

with ε :=
√

∂sr ·∂sr−1 =
√

C−1, corresponds to the previous work [9]. Hence, the linear elastic
case is covered by the present approach.

Remark 2 (St. Venant-Kirchhoff material): A suitable representation of a linear stress-strain
relation in the case of finite displacements (i.e., St. Venant-Kirchhoff material) is given by

W = W̃ (C) =
1
8

EA(C−1)2 (12)

and thus the stress reads

S = 2DW̃ (C) =
1
2

EA(C−1). (13)

The stored energy density function (12) can be deduced by applying the 1D string kinematic as-
sumptions to the 3D material law of St. Venant-Kirchhoff.

2.3 Port-Hamiltonian formulation
With the above assumptions, the total energy of a geometrically exact string is described by its
Hamiltonian

H(x) = H(r,v,C) = T (v)+V int(C)+V ext(r) =
∫ L

0

(
1
2

ρAv ·v+W (C)− r ·b
)

ds. (14)

Therein, T denotes the kinetic energy and V int and V ext are the internal and external potential
energy, respectively. In this model the state variables x contain positions r, velocities v ∈ R3 and
the strain (3). The co-state variables (efforts) emerge as the variational derivatives

δH
δr

=−b,
δH
δv

= ρAv,
δH
δC

= DW (C) =
1
2

S. (15)

Taking the balance of linear momentum (1), the kinematic relation between the velocity v and the
position r, and the strain rate derived from (3), the state equations governing the motion of the
string can be written as partial differential equations of first order in timeI 0 0

0 ρAI 0
0 0 1

 ṙ
v̇
Ċ

=

 0 I 0
−I 0 2∂s(�∂sr)
0 2∂sr ·∂s� 0

−b
v

1
2 S

 . (16)

These equations can be recast in the compact form

E ẋ = J z , where E T z = δxH , (17)

that lies at the heart of the PH formulation in [13], see also [5]. Note that E T = E and that the
operator J is formally skew-adjoint (J ∗ =−J ), which is proven by

∫ L
0 z ·J z = 0 under zero

boundary conditions, see (19). In order to close the PH system representation, boundary conditions
defining the system input u(t) and the corresponding output y(t) are required. In the following, we
consider a string system which is purely subject to Neumann boundary conditions (i.e., prescribed
boundary contact forces), such that

u(t) =
[
−n(0, t)
n(L, t)

]
. (18)



Following the energy balance

Ḣ =
∫ L

0
δxH · ẋds =

∫ L

0
E T z · ẋds =

∫ L

0
z ·E ẋds =

∫ L

0
z ·J zds (19)

=
∫ L

0
(v ·∂s(S∂sr)+S∂sr ·∂sv) ds =

∫ L

0
∂s(v ·S∂sr)ds = [n ·v]L0

= u ·y

immediately leads to the power conjugated output, given by the boundary velocities,

y(t) =
[

v(0, t)
v(L, t)

]
. (20)

Hence, relation (19) demonstrates the passivity and losslessness of the system, since the total
change of energy is given by the power transmitted through the boundary ∂Ω = {0,L}. This
includes energy-conservation if u= 0. In order to define the initial value problem, initial conditions

r(s,0) = r0(s), v(s,0) = v0(s), C(s,0) =C0(s) (21)

are required, where r0, v0 and C0 have to be prescribed.

Remark 3 (Mixed boundary conditions): In case of mixed boundary conditions, the boundary is
split into a Dirichlet and Neumann part, ∂Ω = ∂ΩN ∪∂ΩD, with ∂ΩN ∩∂ΩD = /0. Therefore, ve-
locity inputs (and corresponding positions) are enforced as Dirichlet and force inputs as Neumann
boundary conditions. Accordingly, the power conjugated output corresponds to the reaction force
satisfying the Dirichlet condition or the velocities at the Neumann boundary.

Towards the end of this section the weak form pertaining to (16) is deduced. Standard procedures
lead to the weak form, such that ∫ L

0
δb · (ṙ−v)ds = 0 (22a)∫ L

0
(δv · (ρAv̇−b)+∂s(δv) ·S∂sr) ds− [S∂sr ·δv]L0 = 0 (22b)∫ L

0
δS (Ċ−2∂sr ·∂sv)ds = 0 (22c)∫ L

0
δC (S−2DŴ (C))ds = 0 (22d)

must hold for test functions δb,δv,δS and δC from appropriate spaces. Note that the constitutive
relation (4) has been appended in weak form to close the set of equations. This will be necessary
to retain the PH structure in the space-discrete setting later on. Moreover, in the second equation,
integration by parts has been used. In the case of static problems, the related 3-field formulation in
(r,C,S) can be linked to the Hu-Washizu principle from the theory of elasticity (see [10] and the
inflated form in [14]).

3 STRUCTURE-PRESERVING DISCRETIZATION
In the sequel, the weak form (22) is discretized by means of a mixed Galerkin finite element ap-
proach to obtain a semidiscrete state space model that fits again into the PH framework. Thereafter,
a suitable time discretization is applied to obtain a structure-preserving scheme.

3.1 Spatial discretization
For the discretisation in space we divide the string domain into nel finite elements with respec-
tive domain Ωe such that Ω = ∪nel

e=1Ωe. Correspodingly, local ansatz functions are chosen and the



isoparametric concept applies. In particular, we choose C0-continuous, linear Lagrangian shape-
functions ΦΦΦ and elementwise constant, discontinuous ansatz functions ΨΨΨ such that the approxima-
tions are given by

rh(s, t) = ΦΦΦ(s)r̂(t), δbh(s) = ΦΦΦ(s)δ b̂, (23a)

vh(s, t) = ΦΦΦ(s)v̂(t), δvh(s) = ΦΦΦ(s)δ v̂, (23b)

Ch(s, t) = ΨΨΨ(s)Ĉ(t), δCh(s) = ΨΨΨ(s)δ Ĉ, (23c)

Sh(s, t) = ΨΨΨ(s)Ŝ(t), δSh(s) = ΨΨΨ(s)δ Ŝ, (23d)

where ˆ(�) are arrays containing the nodal vectors of the respective quantity. Inserting the approx-
imations (23) into the weak form (22) yields the semi-discrete equations of motion

˙̂r = v̂, (24a)

Mρ
˙̂v = Fb−K(r̂)Ŝ+FN, (24b)

MS
˙̂C = 2K(r̂)Tv̂, (24c)

MSŜ =
∫ L

0
ΨΨΨ

T2DŴ (Ch)ds (24d)

with the matrices

Mρ =
∫ L

0
ΦΦΦ

T
ρAΦΦΦds, MS =

∫ L

0
ΨΨΨ

T
ΨΨΨds, Fb =

∫ L

0
ΦΦΦ

Tbds, K(r̂) =
∫ L

0
ΦΦΦ

T
,sΦΦΦ,sr̂ΨΨΨds. (25)

Furthermore, FN accounts for the forces due to Neumann boundary conditions in (22b). Cor-
respondingly, inserting the same approximations into the Hamiltonian (14) yields a discretized
version, which reads

H(rh,vh,Ch) =
∫ L

0

(
1
2

ρAvh ·vh +W (Ch)− rh ·b
)

ds

=
1
2

v̂TMρ v̂+
∫ L

0
W (Ch)ds− r̂TFb

=: Ĥ(r̂, v̂,Ĉ), (26)

The discrete Hamiltonian Ĥ gives rise to the partial derivatives (i.e., discrete efforts corresponding
to (15))

∂ Ĥ
∂ r̂

=−Fb,
∂ Ĥ
∂ v̂

= Mρ v̂,
∂ Ĥ
∂ Ĉ

=
∫ L

0
ΨΨΨ

TDW (Ch)ds. (27a)

Taking into account (24d), the last equation can be written as

∂ Ĥ
∂ Ĉ

= MS
1
2

Ŝ. (28)

This equation can be interpreted as discrete version of the constitutive relation (4).

We are now in the position to rewrite equations (24) governing the motion of the semi-discrete
system in PH form. In particular, similar to (17), we obtain

E d
dt x̂ = Jẑ+Bû,

ŷ = BTẑ,
where ET ẑ = DĤ(x̂). (29)

Or, in more detail,I 0 0
0 Mρ 0
0 0 MS

 d
dt

 r̂
v̂
Ĉ

=

 0 I 0
−I 0 −2K(r̂)
0 2K(r̂)T 0

∂r̂Ĥ
v̂

1
2 Ŝ

+
 0

Bv̂
0

 û, (30)

ŷ =
[
0T BT

v̂ 0T
]∂r̂Ĥ

v̂
1
2 Ŝ

 . (31)



Here, FN = Bv̂û, where boundary inputs appear as input vectors û. It can be observed that the
matrix J is skew-symmetric (JT = −J) and matrix E is symmetric (ET = E). The discrete power
balance follows from

d
dt

Ĥ(x̂) = DĤ(x̂) · d
dt

x̂ = ET ẑ · d
dt

x̂ = ẑ ·E d
dt

x̂ = ẑ · (Jẑ+Bû) = û ·BTẑ = û · ŷ. (32)

Relation (32) expresses the passivity and losslessness of the spatially discrete system, which in-
cludes energy conservation for u = 0.

Remark 4 (Discrete mixed boundary conditions): The application of mixed boundary condi-
tions according to Remark 3 can be realized following standard finite element procedures. While
Neumann boundary conditions are covered by FN = Bv̂û in (30), Dirichlet boundary conditions
are enforced directly by setting the respective entries in the nodal vectors to the chosen values.

3.2 Temporal discretization
We aim at a structure-preserving time discretization of the semi-discrete PH system (29). To this
end, we apply a one-step scheme which is closely related to the implicit mid-point rule. Let x̂n be
the approximation of the state x̂(tn) at time tn and consider time steps of constant size h = tn+1− tn.
The time-stepping scheme can now be written in the form

E(x̂n+1− x̂n) = hJ(x̂n+1/2)ẑn+1/2 +hBûn+1/2,
ŷn+1/2 = BTẑn+1/2,

(33)

where x̂n+1/2 = 1
2(x̂n+1 + x̂n), ûn+1/2 ≈ û(tn+1/2), and ŷn+1/2 ≈ ŷ(tn+1/2). Moreover, ẑn+1/2 is

defined through
ET ẑn+1/2 = DĤ(x̂n, x̂n+1), (34)

where DĤ(x̂n, x̂n+1) is a discrete derivative in the sense of Gonzalez [12]. Among other properties
(see [12] for more details), DĤ(x̂n, x̂n+1) satisfies the crucial directionality property

DĤ(x̂n, x̂n+1) · (x̂n+1− x̂n) = Ĥ(x̂n+1)− Ĥ(x̂n). (35)

In particular, we choose

DĤ(x̂n, x̂n+1) =

 ∂̄r̂Ĥ
∂̄v̂Ĥ
∂̄ĈĤ

=

 −Fb(tn+1/2)

v̂n+1/2∫ L
0 ΨΨΨ

T W (Ch
n+1)−W (Ch

n)

Ch
n+1−Ch

n
ds

 , (36)

where the classical Greenspan’s formula [15] has been applied to arrive at a discrete derivative
of DW (Ch). In the limit Ch

n+1 → Ch
n , the mid-point evaluation of the standard derivative is used.

We further note that the space integral in (36) is evaluated by means of Gaussian quadrature on
element level using standard finite element assembly procedures. It can be easily checked by a
straightforward calculation that (36) does indeed satisfy directionality property (35) provided that
Fb is constant. Making use of directionality property (35) we obtain

Ĥn+1− Ĥn = ET ẑn+1/2 · (x̂n+1− x̂n) = ẑn+1/2 ·E(x̂n+1− x̂n)

= ẑn+1/2 ·h
(
J(x̂n+1/2)ẑn+1/2 +Bûn+1/2

)
(37)

= h ûn+1/2 · ŷn+1/2,

which is a time-discrete counterpart of (32). This proves that the present time-stepping scheme
exhibits passivity and losslessness (which includes energy-conservation in the case of vanishing
inputs). We further remark without proof, that the present scheme also inherits symmetries of the
underlying Hamiltonian, which implies conservation of the corresponding momentum maps.
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Figure 2. Initial configuration and snapshots during the motion

Remark 5 (Discrete kinematic relation): The kinematic relation (3) is exactly captured by the
present method, i.e.,

Ch
n = ∂srh

n ·∂srh
n (38)

for all n, if starting with consistent initial conditions satisfying Ch
0 = ∂srh

0 ·∂srh
0.

4 NUMERICAL EXAMPLE
We investigate the two-dimensional motion of a string made of rubber-like material (E = 18400,
ρ = 920) with circular cross section (radius R = 0.0186). It is discretized in space with nFE = 30
finite elements using linear ansatz functions for ΦΦΦ and constant ansatz functions for ΨΨΨ. Numerical
integration of the integrals has been achieved with two Gauss points per finite element and further
simulation parameters are comprised in Table 1. We consider the initial conditions

r0(s) = s

√
2

2

[
1
−1

]
, v0(s) = 0, C0(s) = 1. (39)

The string is released at t = 0 and simulated until t = T with time step size h. In each time step
(33) has been solved using Newton’s method with a residual tolerance of εNewton. Considering
mixed boundary conditions, the Dirichlet boundary conditions are given by fixing the left end of
the string, such that r(s = 0, t) = 0 and v(s = 0, t) = 0, and the Neumann boundary condition

FN = ρA
[

1
1

]
sin
(

π
t

0.2

)
, t ∈ [0,0.2] (40)

acts at the right end (s = L) of the string during a loading phase. After t = 0.2, the system is
closed and energy should be preserved during the motion. Throughout the simulation, gravitation
is present such that b =−9.81ρAe2. The material behaviour is governed by the nonlinear relation
(7) and material constants simulating rubber, which can be found in Table 1 as well.

The evolution of the discrete Hamiltonian (26) along with kinetic energy T̂n and potential energy V̂n

(due to elastic deformations and gravity) are displayed in Fig. 3. A slight rise in the Hamiltonian

Table 1. String pendulum example: Simulation parameters.

L EA ρA h T εNewton

1 20 1 1 ·10−2 1 1 ·10−11
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Figure 4. Hamiltonian increments |Ĥn+1− Ĥn|

can be observed during the loading phase. This effect is accompanied by noticable time-step
increments |Ĥn+1− Ĥn|, which can be seen in Fig. 4 for t ∈ [0,0.2]. After the loading phase, the
discrete gradient approximation (labeled “DG”) is able to capture the energy conservation exactly,
down to a level lower than the Newton tolerance. For comparison, we have displayed the results
obtained with a midpoint discretization of (29) in time (as used in [9], labeled “MP”). Using the
midpoint rule is not sufficient due to the nonlinear material, such that Hamiltonian increments are
of the same order of magnitude as during loading and energy-preservation is not captured exactly.

5 CONCLUSIONS & OUTLOOK
In this work, a new port-Hamiltonian formulation for the analysis of geometrically exact strings
with hyperelastic material behaviour has been proposed. The model features a nonlinear Hamilto-
nian formulated in position, velocity and strain quantities and therefore captures nonlinear material
behaviour, extending previous work [9]. The typical skew-adjoint structure of infinite-dimensional
PH systems is present in the governing state space equations. The passivity of the string formu-
lation has been demonstrated with contact forces and velocities as boundary port variables. The
weak form of the initial boundary value problem has been derived.

Based on the new formulation, we have derived a structure-preserving finite-dimensional PH state
space model by using mixed finite elements. Therein, continuous ansatz functions for position and
velocities and discontinuous ansatz functions for stress and strain quantities have been used to ob-
tain the spatial discretization. This semi-discrete model inherits passivity (thus including energy-
conservation) from the continuous string formulation and has subsequently been discretized in
time in order to tackle simulation problems in an energy-consistent way. This property has been
achieved due to the approximation with discrete gradients in the sense of Gonzalez [12].

The numerical properties of the devised time-stepping scheme for nonlinear strings have been
analyzed in a straightforward example problem. This has underlined the structure-preserving ad-
vantages of the devised method, in contrast to the well-known midpoint rule.

In future work, the newly proposed model might be used for model order reduction and control
design. Besides the solution of the inverse dynamics (as, e.g., in [8]), state estimation and feedback
control for the highly underactuated system will offer challenges for upcoming research activities.
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